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Instructions
Skim all problems before attempting any.

Attempt one that seems easiest, then try harder ones. Falling stars may guide you. =
You will not finish everything; catching 15 =’s is a good goal to set.

Show your thinking - partial credit may be earned everywhere.
Write legibly with a font size greater than 10.
Tell me how I can gain magma resistance.

Godspeed!

Name

G = 6.674× 10−11 m3

kg · s2
ML = 5.972× 1024kg Ms = 1.989× 1030kg

c = 2.998× 108m/s RL = 6.371× 106m Rs = 6.957× 108m

1A.U. = 1.496× 1011m
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Problem 1. An object of mass m is moving through a fluid, experiencing drag that slows it down.
In this question you will compare the motion of the object under two different models of the drag
force. Assume that the motion is one-dimensional, x(t), and that at time t = 0 the object’s velocity
and position are v0 > 0 and x0, respectively.

(==) Linear drag occurs at low speeds and is modeled as F = −Cv, where v = ẋ as usual. C is
a constant that depends on both the shape of the object and the properties of the fluid. Set up
Newton’s second law for the motion of the object and solve it for both v(t) and x(t). (Hint: write
ẍ = v̇ to get a first order differential equation for v and solve it first)

(===) Quadratic drag occurs at high speeds and is modeled as F = −Cv2/v∗. Both C and v∗
are constants. Set up Newton’s second law and solve it for both the velocity and position of the
object. (more on next page)
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(==) Plot both velocities and positions as functions of time for the two types of motion. What
are the differences between them? At what velocity would you expect the drag force to transition
from quadratic to linear?
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Problem 2 Consider a ball of mass m placed on a table. The ball is connected to a massless
rope that goes through a hole in the table; the rope is taught and its initial length (from hole to
ball) is ℓ. After the ball is given an initial tangential velocity of v0, the rope is pulled downward
through the hole at constant speed, v. In this problem you will find the trajectory of the ball as a
function of time. Assume the reference frame of the table is inertial and at rest, and that the table
is frictionless.

(==) Draw a free body diagram for the ball. You should
use a polar coordinate system centered at the hole in the
table. Write Newton’s second law for this system.

(====) Set up a differential equation for ω = θ̇ using
the tangential component of Newton’s second law. Solve
it using the initial condition ω(0) = ωi.

(==) Use the radial part of Newton’s second law to find
the tension in the rope as a function of time. What hap-
pens to the tension and the angular velocity as t → ℓ/v?
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Problem 3. The cross product is an indispensable tool to a physicist. In this problem you will
derive two important identities using cross products. First, consider a set of non-zero, linearly
independent vectors A,B,C in 3-dimensional space. Their double cross product is the resultant
R = A× (B ×C), which can be written as some linear combination of the three,

R = aA+ bB + cC. (1)

You are tasked with finding three coefficients a, b, and c in terms of the A,B, and C. Since the
former are scalars you can only use scalar quantities built out of the vectors. (==) What are the
possible scalar quantities that can be constructed out of the three vectors? (Hint: there are 6 of
them)

(=) R is definitely perpendicular to one of the original three vectors. Which one and why? This
means that you can, without loss of generality, set the coefficient of that variable to 0.

(===) Find the other two coefficients. Use components in your calculations, but your final results
must be independent of them; the terms you enumerated above will be the only quantities appearing
in your final expression. (more on the next page)
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(===) The cross product obeys a very important property known as the Jacobi identity:

A× (B ×C) +B × (C ×A) +C × (A×B) = 0

Prove this identity. You may use components (if you like torturing yourself), or directly apply the
results from above.
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Problem 4. In the very early ages of our universe, as its temperature rapidly fell, the electroweak
force shattered into two: the weak nuclear force and electromagnetism. This electroweak phase
transition predicts the formation of cosmic strings — one dimensional strands of energy with cosmos
spanning lengths. As such, the existence of these topological defects would have an observable effect
on the Cosmic Microwave Background. Cosmic string (linear) mass density, µ, has been constrained
by the Planck satellite to be less than ∼ 1020kg/m. (=) Estimate the length of one solar mass of
a cosmic string of this density. Use an appropriate unit, such as AU or solar diameters.

Their immense proportions create an interesting grav-
itational field, one you will now investigate. Imagine a
cosmic string of linear density µ > 0 as a thin cylinder
of infinite length. Choose point P a very large distance
away from the string, r, much larger than the radius
of the cylinder, allowing you to approximate the string
as a one-dimensional line. Consider a small segment
of the string a distance z from the plane that P is on,
of length ∆z. Label the picture and use it to help you
(triangles are our friends!). (==) Draw the tiny grav-
itational field ∆g produced by this segment at P and
label its magnitude (which will depend on r, z, and
other givens). Decompose ∆g = ∆grr̂+∆grθ̂+∆gzẑ
and (===) write down what the three components
are in terms of the givens.(Our pointy friends can help
with that) One of these is zero. (There’s more room
on the next page)
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(=====) Now find the total field by adding up the contribution from EVERY little segment.
First, use the symmetry of the problem to explain why only one of the components of ∆g needs to
be considered. Second, set up the sum that adds up all those components, let ∆z → 0, and write
the resulting integral. Last, do the integral and write down the total gravitational field (a vector)
at P.

(=) Compare how the field decays with distance r compared to the field of a point mass.
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Problem 5. You decide to dig a tunnel angled θ away from the normal of the surface of the Earth
(mass and radius given) as a way to procrastinate from reading Kleppner and Kolenkow. Because
you are an excellent procrastinator, you keep digging until you reach the surface of Earth again.
The tunnel is therefore offset from the center of the Earth by some distance h. (=) What is the
relationship between h,R, and θ? (Be careful about identifying the lines in the inset with those on
the sphere.)

(==) After completing the tunnel, you take a ball of mass m and place it at the entrance to the
tunnel and let go. The ball begins to roll down the tunnel. You may assume that the surface of
the tunnel is frictionless. After the ball has rolled a distance x, draw a free body diagram for the
ball. Make sure to label the coordinate system you choose to use, clearly indicate the direction to
the center of the Earth. Label the magnitudes of all the forces in the FBD. (go to the next page!)
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(====) Set up Newton’s second law from the FBD and solve it. (If you set things up right, you
can solve it by inspection) Use the boundary condition that at t = 0 the ball starts at the opening
of the tunnel and at rest.

(==) Estimate how many minutes it takes the ball to roll ”down” the tunnel and reach the other
side.
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