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Information-theoretic description of a feedback-control Kuramoto model
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Semantic information theory (SIT) offers an alternative approach to evaluating the information architecture
of complex systems. In this paper, we describe the steps required to operationalize SIT via its application to
dynamical problems. Our road map has four steps: (1) separating the dynamical system into agent-environment
subsystems, (2) choosing an appropriate coarse graining and quantifying correlations, (3) identifying a measure
of viability, and (4) implementing a scrambling protocol and measuring the semantic content. We apply the
road map to a model inspired by the neural dynamics of epileptic seizures whereby an agent (a control
process) attempts to maintain an environment (a base process) in a desynchronized state. The synchronization
dynamics is studied through the well-known Kuramoto model of phase synchronization. Our application of
SIT to this problem reveals features of both semantic information and the Kuramoto model. For the latter, we
find articulating the correlational structure for agent and environment (the oscillators) allows us to cast the
model from a computational (information theoretic) perspective, where the agent-environment dynamics form
a communication channel. For the former, we find a topological dependence of whether information can be

considered semantic or not.
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I. INTRODUCTION

It is generally accepted that information plays an important
role in complex-adaptive and living systems, in particular [1].
From DNA transcription to signal transduction, information
flows and information processing appear to be an essential
aspect of living systems [2-13]. Indeed, the capacity to use
information, rather than just be described in terms of it, may
be the characteristic which separates life from other physical
systems [14-16].

There is, however, an important caveat in making infor-
mation a central component in developing a physics of life.
Information theory, tracing its roots back to Shannon’s famous
paper [17], is constructed using purely syntactic measures.
Information, in this formalism, is defined in terms of the
combinatorics of strings composed of letters drawn from an
alphabet. Such a definition purposely ignores the question
of the semantic content of information. While highly use-
ful for engineering issues like the design of computational
technologies, when it comes to questions associated with the
emergence and dynamics of living systems, ignoring issues of
meaning filters out the most important ways life uses infor-
mation [18,19]. For example, understanding the emergence of
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agency and autonomy revolve around the capacity of a system
to parse streams of information in terms of their valence for
the system i.e., their meaning. Indeed, such valence, defined
as viability, has been identified as a critical feature defining
the boundary between living and nonliving systems [20,21].

While extensive discussions of, and definitions for, seman-
tic information exist, they have mostly focused on issues in
philosophy or applications within computer science [22-29].
What has been lacking for a physics of life is a mathematically
precise and scientific applicable theory of semantic informa-
tion that can inform a wide range of domains ranging from
neuroscience, collective microbial behavior, social physics,
and origin of life studies [30-38].

In Ref. [39] (KW18), such a semantic theory of infor-
mation (SIT) was proposed. Their formulation uses the state
spaces and probability distributions for an agent A and its en-
vironment E to characterize the mutual information between
the two, while the persistence of A (its ability to maintain a
desired state) is measured through a real-valued viability func-
tion V. The concept of meaning here is thus taken in the most
basic sense of being related to an agent’s continued existence.
By running intervened versions of the system dynamics in
which some fraction of the mutual information between agent
and environment is scrambled, a formal working definition of
the semantic information was characterized in terms of the
response of the viability function to such interventions. Im-
portantly, the viability is determined by the inherent coupled
dynamics of the system and the environment [39,40] rather
than through exogenous utility, cost, error, or loss functions
(as is sometimes done when studying the value of information
in statistics or in engineering applications [13,41-43]).

The KW18 formalism appears to offer an attractive path
forward for the development of a working theory of semantic
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information. The difficulty, however, lies in the computational
cost of applying the formalism to real world applications. Cal-
culating the information theoretic measures requires a precise
elucidation of the state spaces and the computation of the
joint probability distributions between the agent and the en-
vironment. Unfortunately, such state spaces are often of such
high dimensionality that the formalism is computationally
intractable. Thus, if SIT is to live up to its promise, work must
be done to find effective measures for the quantities required
in its formalism [44]. This includes best practices for defi-
nitions of viability, proper mechanisms for scrambling shared
information in the intervened trajectories and, finally, practical
methods of dimensional reduction (i.e., coarse graining) for
calculations of information theoretic metrics.

Recently, an attempt to develop such effective versions of
the KW 18 formalism was presented in Ref. [45]. The authors
studied a forager model, a minimal model that captures at-
tributes of living systems, namely, exploration and resource
consumption [46—49]. The viability was defined as the ex-
pected lifetime of the forager and the scrambling was done by
noising a sensor that the forager used to detect resources. They
applied and extended the work of KW18 and demonstrated
how semantic information measures provide alternative in-
sights into forager dynamics. More importantly, they provided
a first cut at developing effective measures for application of
the SIT formalism to real problems.

An important result from Ref. [45] was the identification of
a plateau in the viability curve as a function of scrambling cor-
relations between agent and environment. This plateau occurs
at a viability threshold that is well below channel capacity.
In other words, a subset of correlations between agent and
environment has no effect on the forager’s lifetime (the infor-
mation was not semantic). Once the threshold is breached, the
ability for the forager to survive decreases monotonically with
increased scrambling (noise in the sensor). Thus, applying
the ideas of SIT results in an identification of features in the
viability curve that is independent of the particular foraging
strategy used. Whether such semantic saturation is a generic
feature of living systems is far from settled, but the results
make it clear that finding ways to apply the fundamental
principle of SIT results in alternative ways to analyze systems
from an informational perspective.

In this paper, we report on the next step in efforts to op-
erationalize SIT and explore effective versions of the theory.
To carry out that task, we explore the biophysically moti-
vated problem of a control process acting on a base process
to maintain overall system viability. We analyze a model of
a network of coupled oscillators which tends towards syn-
chronization (the base process) and an intervening agent (the
control process) which uses the information on the network
to limit synchronization. Our setting is loosely inspired by
the neurodynamics of epileptic attacks [S0-53] where brain
pathologies occur due to large-scale synchronization of neu-
rons [54]. We study the synchronization dynamics through
the well-known Kuramoto model of phase synchronization
[55] which, while applicable to a wide range of settings,
has also been used to describe complex brain wave activity:
resting state functional connectivity [56], synchronization due
to time-delayed signal transmission [57], and the effects of
myelination [58].

Additionally, in versions of the Kuramoto model with non-
local coupling [59] or symmetry-breaking [60] there exist
chimera states, where identically coupled oscillators coexist
in synchronized and desynchronized states. Such states have
been observed in both brain networks and the resuscitation
of cardiac cells [61]. Thus, desynchronization is important
in many biological contexts. Consequently, the intervening
agent here acts as preventing the system from reaching (a
potentially) pathological synchronized state. Our goal in this
paper, as in Ref. [45], is to both explore the application of the
KW18 formalism and use SIT to shed light on a previously
well-studied problem, phase (de)synchronization.

In what is to follow, in Sec. II we explicitly unpack the
general steps required for the use of the SIT formalism. In
Sec. IIT A, we introduce the feedback-control model on the
coupled oscillators. We demonstrate that introducing the agent
leads to a stochastic version of the original Kuramoto model,
with oscillators coupled to a heat-bath mediated by their de-
gree k;, and a deformed distribution of frequencies g*(w).
Following this, in Sec. III B we recast the model in informa-
tion theoretic terms in which we show that the base process
is a stochastic computation, and the control process is akin to
analyzing a communication channel between the agent and its
environment. The viability function is defined in Sec. IIIC,
and in Sec. [IID we analyze the semantic content of the
correlations between agent and environment, demonstrating
that for a certain topology, there exists a semantic threshold,
whereas for other connectivity patterns, there is no threshold,
indicating that every bit of information in the communication
channel is crucial to the viability of the system. Finally, in
Sec. IV we end with a discussion of the implications of our
findings. Three Appendixes clarify technical aspects of our
model and the approximations used.

II. PRELIMINARIES

Here we provide a set of general set of steps for applying
semantic information theory to any framework.

(1) Dynamical system decomposition. Construct a dynam-
ical system (S, D), where S is the system state space and
D:SxT — § is the dynamics on the state space for all
times ¢t € T. The dynamics can be deterministic, stochastic,
or a combination of the two; if they are continuous, then
T ~ R or some subinterval of the reals, and if they are discrete
then T =~ Z, or some subset of the integers. The system must
be decomposable into an agent and environment, S = A x E,
meaning that any state of the system can be written s = (a, e),
wherea = (a;,az,...) € Aand e = (ey, e, ...) € E are, re-
spectively, the agent and environment dynamical degrees of
freedom (DoF). We write s(t) = (e(t), a(t)) to represent the
system evolution through state space and refer to the specific
form of D responsible for a(t) as the agent’s behavior. S needs
to accommodate a (not necessarily unique) ground state for
the agent which acts as an attractor for the system dynamics
and represents a dead agent and an evolving agent-free envi-
ronment.

(2) Coarse grain and quantify correlations. Correlations
between agent and environment DoF are manifest in the infor-
mation architecture of the system. Information is quantified by
a corpus of measures including mutual information, /(A : E)
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[62], cross entropy H(A : E) [63], and transfer entropy Tg_ 4
[64]. In practice, these quantities may not be calculable or
efficiently computable in full, so a bit of finesse is required
at this step to find the right information measure to do the
job [65,66]. A combination of prior knowledge and intuition
must be used to coarse grain the system into DoF that lend
themselves to the desired analytical or computational tech-
niques, while capturing the minimal dynamics of S required
to describe an agent attempting to survive in and coevolve
with its environment. In particular, the agent-free attractor
must be preserved by the coarse graining. For example, it
would be intractable to describe a bacterium’s environment by
listing the position and momentum of every atom surround-
ing it; a simpler description using a coarse-grained glucose
density field might suffice. Describing the full biochemistry
of the bacterium using every molecular DoF is intractable,
but a coarse-grained smaller set of DoF such as center of
mass position, orientation, stored ATP density, and locomotive
modality may not be. Note how this coarse graining preserves
the ground state: in the limit when the bacterium’s stored
Adenosine triphosphate (ATP) supply vanishes, it is effec-
tively dead.

(3) Identify viability measure V. Since the ground state
remains an attractor for the system dynamics under coarse
graining, the distance to it endogenously defines the viability
of an agent. Distance here can mean several things: If the
attractor is stable, then an agent trajectory will eventually end
up on it, i.e., the agent will die. In this case, the expected life-
time of the agent is a proper measure of distance, and hence
viability. The example of the bacterium falls in this case; the
expected first crossing time to reach zero ATP supply is a
viability measure. If the attractor is unstable, then the coarse
graining from the prior step must be able to identify an order
parameter representing the efficacy of the agent at maintaining
the agent-free out-of-equilibrium environment. The efficacy
vanishes in an agent-free environment and takes some nonzero
value once the agent is introduced. The expected efficacy is
then a proper measure of distance, and hence viability. The
viability of the agent measured in either case is referred to as
the actual viability.

(4) Scrambling protocol and measuring semantic content.
The goal of SIT is to identify how the correlations and vi-
ability defined in the last two steps relate to one another.
Specifically, to find which correlations matter to the agent.
This is done by implementing a scrambling protocol on the
correlations and examining the resultant change in viability
due to the impact the scrambled correlations have on the dy-
namics of the system. This was expounded on in KW 18 using
interventions to generate counterfactual histories, and requires
a search over all possible partitions of the system degrees of
freedom. Though rigorously defined, the procedure becomes
unmanageable for systems with more than several hundred
states. Rather than going through all partitions, the coarse
graining, if done correctly, identifies which coarse-grained
DoF should be investigated and scrambled. In the example
mentioned earlier, the bacterium’s orientation and whether it
is tumbling or rolling are correlated to gradients and magni-
tudes of the glucose density. A scrambling protocol could be
introduced at the level of the dynamics by intervening on the
bacterium’s ability to sense either a magnitude or a gradient,

or on the conditions that determine when the bacterium should
switch its locomotive modality. The protocol should be tun-
able in the sense that the actual viability is a limiting case.
To contrast with the actual viability, the scrambled viability is
measured as the protocol is tuned higher. The point at which
the scrambled viability diverges from the actual viability is the
semantic threshold [45].

III. KURAMOTO MODEL WITH FEEDBACK CONTROL

Kuramoto’s famous coupled oscillator model has been
well-studied since its introduction nearly half a century ago
[55]. From the synchronization of fireflies, cardiac pacemak-
ers, laser, power transmission relay networks among others,
it has proven a rich starting point for modeling systems in
which synchronization is prominent [67-70]. Above a critical
coupling strength, an extensive fraction of oscillators achieve
an equilibrium synchronized state, while the desynchronized
states are nonequilibrium transients in the dynamics. As
mentioned in the Introduction, the phenomenon of desyn-
chronization has biological relevance in terms of pathological
states in the human brain and in cardiac arrhythmia. Inspired
by this, we develop a feedback-control model of an agent
acting on a population of coupled oscillators that attempts to
prevent synchronization. We then apply the SIT framework
to this idealized model and develop an information theoretic
perspective on coupled oscillators. In our formulation, the
control process (an agent) seeks to drive the base process
(the Kuramoto model) to a desired far-from-equilibrium set of
states. Remaining far-from-equilibrium provides a definition
of viability, i.e., it motivates the teleological dynamics of the
agent (the control process) seeking to keep the system from
complete synchronization. Viewing the system through the
lens of semantic information the agent can be interpreted as
a repair process acting on a malfunctioning background.

A. Dynamical system decomposition
1. Environment description

The environment is a population of N oscillators
0:1...0y), VYi,0; € (—m, ] placed on the nodes of an
undirected graph G with connections parameterized by the
adjacency matrix A whose elements are A;; = 1 if nodes i
and j are connected, and O otherwise. In what follows, we
consider the fully connected, Poisson, and scale-free degree
distributions generated via the configuration model [71]. The
oscillators are coupled to one another with a coupling o,
which we take to be a function of time. Each oscillator has a
natural frequency, w;, drawn from a distribution g(w). Without
loss of generality, we set (w) = 0. The variance, or, more
precisely, the root mean square frequency wms = (@?)'/2, is
used to rescale time, 7 = wyt. Dropping the tildes, the dy-
namics of the dimensionless environment are the Kuramoto
equations of motion, thus,

do; Y

E:w,-JraZA,-jsm(ej—e,-), (1)
j=1

with g(w) now having vanishing mean and unit variance. Note

that the original variant of the model can be recovered by
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FIG. 1. Oscillators {6;} with natural frequencies {w;} are placed
on the nodes of different types of networks; shown here power law
(upper left) and Poisson graphs (upper right). Kuramoto dynamics
are imposed, resulting in Kuramoto environments. At each node
(lower left), there is a local order parameter and local mean field,
{r:, ¢:}. Together, these dynamical quantities define the local mean
field coupling for each oscillator. Control agents are placed in the Ku-
ramoto environments, moving uniformly at random along edges, and
perturbing the nodes based off whether the local mean field estimate
is running ahead or behind the oscillator, £; = sign(¢; — 6;). Here «
describes the strength of the perturbation that the agent applies, and
B the time-scale or speed of the perturbation.

setting A;; = 1 (resulting in a fully connected graph), and
identifying o = K/N, with K being the unscaled coupling
strength.

2. Agent description

The agent is a localized, mobile perturbation whose pur-
pose is to maintain a global desynchronized state. The agent’s
degrees of freedom are a = (i, k;), where i is the index of the
node it is at, and «; € {%1} is the direction of a perturbation
of strength « it applies to the oscillator at i. After perturbing,
the agent jumps to an adjacent node uniformly at random;
the entire jump-perturbation action takes a time much shorter
than the oscillator timescale, t; << 1, but not so fast that it can
perturb more than a small fraction of the network on that same
timescale, ; > 1/N. This gives a natural way to parametrize
the speed of the agent as B = (N1;)~' « 1. As we will show,
the single parameter o fully describes the behavior of an
agent. A schematic of the process is shown in Fig. 1.

3. Dynamics

We begin with the dynamics of the environment. A global
order parameter defined in terms of the synchronization r and

mean field ¢ is constructed thus:
o _ 1 i0;
re' = — Z e, 2

Analogously, local order parameters and mean fields are in-
troduced via

. 1 .

rie'® = =) A, (3)
i =1

where k; = ) jAij s the degree of node i. In the fully con-
nected Kuramoto model Eq. (1) describes a set of oscillators
that interact solely through their mutual coupling to the mean
field,

do; Krsin(6; — ¢) “)
—, = @i — Arsimy; — @),
dt

with K described earlier. For arbitrary network topologies,
Eq. (1) can be written in an analogous way using the local
order parameters [72]:

do;
ar
In the thermodynamic limit, N — oo, of the fully con-
nected model, above a critical coupling [K. = 2/mg(0)],
oscillators begin to synchronize, » > (. Analysis of mean
field formulations for more complex topologies suggest that
o. = K.(k)/(k*), where (k") is the nth moment of the degree
distribution of G. Numerical results suggest a more compli-
cated relationship with topology, while confirming that o, o
K.. In our model, the coupling is driven exogenously, that is,
perturbations to the system from outside of itself can drive o
to values above and below o, (for instance, exposure to stro-
boscopic lights triggering an epileptic fit, or magnetic fields
altering cardiac rhythm). Of interest to us will be when the
system transitions through the critical coupling from below,
shifting the system equilibrium to synchronized states. As the
environment slides towards its new equilibrium, the agent as
a control process seeks to maintain a desynchronized state.
Thus, it must tune its actions towards that goal, while only
using local information, that is, knowledge gained only at the
location i (the node) and its immediate neighborhood.
The agent at node i has access to the phase of the oscillator
6;. It estimates the mean field due to the neighboring oscilla-
tors, 43,-, and compares it to 6;. If 6; > (ﬁi, the agent perturbs the
oscillator by changing its phase positively, whereas if 6; < ¢
it perturbs it in the opposite direction. More precisely, we
have 6; — 6; + ak;, where « is the strength of the agent’s
perturbation and

w; — ak,-ri Sil’l(@i — ¢,) (5)

+1 if6; > ¢
K;i =

=15 (®)

otherwise.

4. Agent effect on synchronization dynamics

We simulate an ensemble of agents with « = 0.5 and 8 =
0.16, first on the fully connected version of the model and
then on two types of graphs, with the same average degree (k)
but increasing degree-variance (k%) — (k)2. (See Appendix A
for details of the simulation.) In Fig. 2, we plot the global
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FIG. 2. The expected global order parameter for fully connected
(top), Poisson (middle), and scale-free (bottom) graphs (N = 10°) as
a function of the coupling strength. For the fully connected version,
shown as a vertical dashed blue line is the critical coupling K, in the
absence of an agent, and in dashed vertical pink line, the approxima-
tion of the critical coupling in the presence of an agent, K%. All other
networks have an average degree (k) = 4. The dashed black curves
represent a pure Kuramoto environment, while the solid black curves
represent incorporation of the intervening agent. In both cases, the
shaded regions represents one standard deviation fluctuation from an
ensemble computation. Note that the vertical axis scales linearly in
the top plot and logarithmically in the bottom two plots, while the
horizontal axis is linear for the top two plots and logarithmic on the
bottom one.

order parameter E[r] as a function of the coupling strength
o. The dashed curves represent the Kuramoto environment
without the agent, whereas the solid curves represent agent
incorporation. In all cases, we see the effect of the agent is to
delay the onset of synchronization, with the most dramatic
suppression seen in fully connected and scale-free graphs.
Simulations varying o, B exhibit identical behavior between
an (o, B) agent and a (¢/, B') agentif a8 = o’ .

To get an analytical handle on why this degeneracy occurs,
we incorporate the discrete agent dynamics, Eq. (6), into
the continuous dynamics of the environment, Eq. (1). The
specifics are in Appendix B, but the end result is the stochastic
differential equation,

do;

— =w; — okirisin(6; — ¢;
7 w; — ok;r; sin( bi)

k; / ki dW;
—i—otﬂml(i-i- aﬂmw, @)

where W; is a Wiener process. Incorporation of an agent
leads to the addition of two dynamical terms in Eq. (1)
parameterized by the perturbation strength and timescale o
and B, respectively. Both parameters enter in solely through
their product, providing an explanation for the observed
degeneracy.

The two additional terms in Eq. (7) have interesting phys-
ical interpretations. The second one plays the role of a heat
bath as in other variants of the Stochastic Kuramoto model
[73-76]. The key difference here is that the strength of the
fluctuations at location i is modulated by the degree of the
node k;. Instead of a single heat bath, there are several at
temperatures quantized in units of 1/(k). Nodes with a higher
degree are coupled to hotter baths, while those with a lesser
degree to colder ones.

What about the first additional term? For an oscillator to
synchronize, Eq. (5) implies its natural frequency satisfies
|wi;| < ok;r;. When w; is positive, the oscillator will do so
ahead of the mean phase, while for negative w; it will do so
behind the mean phase; put simply, w; has the same sign as «;.
Therefore, the term effectively shifts the natural frequencies
of synced oscillators to larger values:

a)i—i—aﬁ% w; >0

®)

w; = O = o <0
i .

w; — o ,3 %
This shift changes the synchronization criterion to |w;| <
ok;r; — aBk;/ (k). Oscillators with positive natural frequen-
cies between ok;r; — aBk;/ (k) < w; < ok;r; or negative nat-
ural frequencies between —ok;r; < w; < —ok;r; + afk;/ (k)
that were synchronized in the absence of an agent will desyn-
chronize in the presence of one. Consequently, the local order
parameters, r;, decrease, causing a cascade of oscillators in-
side the old synchronization range to follow suit until a new
equilibrium is reached.

The combined effect of the two agent terms in Eq. (7)
can best be understood qualitatively via their effect on the
frequency distribution, g(w). The shift produces a new distri-
bution g(®) = g(w), which vanishes for |@&;| < aBk;/ (k). In
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the thermodynamic limit, for a random node in the network
w is a random variable drawn from this distribution. The heat
bath introduces a fluctuation to the frequency, another random
variable, dw. The distribution of w + dw, the sum of two ran-
dom variables, is the convolution of their distributions, so the
end result is the effective distribution g*(w) = (g * haop)(w),
where hyp(dw) is a Gaussian with vanishing mean and vari-
ance af [77]. Both operations increase the variance, so g*
is a stretched version of g with a suppressed peak. Since
the critical point depends inversely on this value, this will
necessarily increase the critical coupling.

B. Coarse-graining and quantifying correlations
The full state space of our system is § = (—m, ]V x
{1,2,...,N} x {£1}. The last of these describe the agent’s
action «;, based on their observation of the local mean field
$;. Combining this with 6;, the agent determines whether
oscillator 7 is running ahead or behind the mean field of its
neighbors. For the agent, the state space of the environment
is coarse grained to a string of bits b. The ith bit b; is 1 if
the oscillator at the ith node is running ahead of its mean
field, or O otherwise. The action of the agent depends on
the outcome of its measurement, and the maximal mutual
information between the environment and the agent’s action
degree of freedom is one bit per jump.

As the oscillators evolve, the bits corresponding to
synchronized oscillators remain fixed, whereas bits corre-
sponding to unsynchronized oscillators flip pseudorandomly.
In this light, the Kuramoto model with feedback control
can be reduced to two coupled stochastic computations. The
timescale between flips of the computing bits from Eq. (5),
under a steady state assumption on both r; and ¢;, is half an

oscillator period:
/ a6 +

1 T
—/dt
2 Jo / 2k22

As o approaches the critical coupling o, there is a slow-
ing down of the computation due to the divergence of the
timescale 7y ~ (o, — o)~ 12, Asthe equation indicates, nodes
with high connectivity (i.e., hubs) have the longest bit-flip
timescales, whereas lower-degree nodes compute on a faster
time-scale.

Given this view of the environment as a base computa-
tional process, b — b’, the agent is a control process, and
the estimation of the mean field at each node maps to the
problem of analyzing a communication channel. The chan-
nel’s operational rate is SN, achieved if the environment has
a uniform, i.e., maximum entropy input distribution. Syn-
chronization changes the input distribution by lowering its
entropy—synchronized bits decrease the corpus of words be-
ing sent. If the agent decodes with high fidelity, then its
actions’ feedback on the environment is to prevent changes
in the input distribution. Thus, the control process serves to
prevent the reduction of the channel’s transmission rate.

Putting it together, the background process (environment)
transmits at a rate of close to BN (bits/s) to the control
process (agent). Synchronization reduces the transmission
rate, to which the control process responds in a manner that

€))

counteracts this change. To address what portion of this infor-
mation is semantic, we next identify precisely what we mean
by viability in this context.

C. Viability measure YV

As indicated by Fig. 2, the agent-free equilibrium has
an expected synchronization greater than the agent-present
equilibrium. The effectiveness of the agent at keeping the
environment asynchronous defines its ability to keep the sys-
tem viable. This provides us with a natural choice within the
system dynamics for defining viability in terms of efficacy.

The efficacy is the relative difference between the expected
value of the synchronicity of the environment including the
agent, E[r|a, B8], and without it, IE[r], thus,

Elr|ap]

E=1 El] (10)
Given that r is a function of o, this necessarily implies that
the efficacy is also a function of the coupling. The more
the agent’s actions decrease the expected synchronization, the
closer the efficacy is to 1 whereas if the agent is completely in-
effectual, the efficacy is 0. The viability, then, is the expected
efficacy given the distribution of possible coupling strengths,

p(o):
V=E[f] = / do E(0)p(o). (11)
0

In Fig. 3, we plot the efficacy [Eq. (10)] as solid black lines in
function of o for the three types of networks. In all cases, we
see a nonmonotonic behavior, with a peak in £ at intermediate
values of ¢. Qualitatively speaking, for low values of the cou-
pling (0 < o), the effect of the agent is minimal given that
the system is in an asynchronous state and therefore there is no
need to act. On the other hand, in the strong coupling regime
o > o., the agent also has low efficacy—given that § < 1, a
large fraction of nodes synchronize at a timescale faster than
its ability to influence these nodes. Thus, there is a peak in
viability at intermediate values of o where the agent can exert
its strongest influence in preventing the synchronization of a
non-negligible fraction of oscillators.

It is instructive to check the fully connected model, where
o = K/N, to see if we can make further progress. In the
thermodynamic limit, an exact calculation for the critical
coupling for the agent-free environment leads to K, = 1.595,
plotted as a blue dashed line in the upper panel of Fig. 2.
For the agent-based environment, through a sequence of
manipulations, one can arrive at a numerical estimate for the
shifted critical coupling K4 ~ 1.988, plotted as a pink dashed
line in the same figure. (See Appendices C and D for details
of the calculation, including analytically tractable estimates
for K:‘ J)

To estimate the efficacy, we note that in environments with
coupling below K., we expect the agent to be ineffective, given
the environmental dynamics are driven towards asynchronous
states. Above K. but below K4, the efficacy should jump to 1
since one expects Eqg[r] to vanish while IE[r] does not. At
couplings larger than K”, the agent+environment synchro-
nization is assumed to increase in the same manner as the
agent-free environment at K. To first order in « g, the efficacy
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FIG. 3. The efficacy, Eq. (10) (solid black lines), for agents on
fully connected (top), Poisson (middle), and scale-free graphs (bot-
tom) graphs with @ = 0.5 and 8 = 0.16. The fully connected curves
are averaged over ensembles of 1024 different graphs; the other
two have ensemble sizes of 128. The noised efficacies, Eq. (14),
are shown as colored curves with blue corresponding to low noise
and pink to high noise. For fully connected graphs the ensemble is
of size 1024 again, while the Poisson and scale-free graphs have
smaller ensembles of 32. The dashed black line in the top panel is
our analytical approximation (12) of the agent efficacy.

can be approximated as

0 K <K,

e~ K. <K <K (12)
B _K. A
akaKE K > K2

This is plotted in the top panel of Fig. 3, where it captures
many of the features of the actual efficacy. We note that our
estimate differs in the K < K, regime. This is unexpected

because as K — 0 the distribution of phases should approach
a Rayleigh distribution describing the magnitude of the sum
of a set of randomly directed unit vectors. In hindsight, this
is not hard to understand. The Rayleigh distribution takes
into account even those configurations where the random vec-
tors all point in similar directions. The agent disrupts these
types of arrangements, shifting probability from the tail of the
Rayleigh distribution, thereby lowering the expected value of
the magnitude, i.e., the global order parameter.

With the the fully connected model as reference, similar
features are found in the simulations of more complex topolo-
gies in Fig. 3; the efficacy is peaked above the critical coupling
of the agent-free environment o, and decreases beyond the
critical coupling of the agent-inclusive environment 0. Based
on these results, we are now able to both define viability and
characterize how it responds to agent dynamics. To derive
semantic information content in the system, we now ex-
plore the architecture of correlations in the agent-environment
coupling.

D. Scrambling protocol and semantic content

With the computational description in mind, a natural way
of scrambling presents itself. A noisy channel reduces the in-
formation transmission rate and, therefore, the control process
will not be able to modulate its behavior in a way that reduces
synchronization in the background process, thus affecting its
viability. Consequently, scrambling the correlations between
agent and environment can be implemented by introducing
noise in the agent’s information about the phase of the neigh-
borhood of node i that it visits. We interpret this scrambling
as a decrease in the fidelity of the sensor used by the agent to
probe the mean field.

Let this noise be parameterized by n € [0, 1], where n = 0
corresponds to the agent with ¢; = ¢;, and 7 = 1 an agent
for whom ¢; is drawn uniform randomly between —m and
7. Accordingly, the fidelity of the agent’s mean field sensor,
1 —n, is perfect in the former and is broken in the latter
case. In the range x0 < n < 1, the estimator is a random
variable ¢; ~ U(¢p; — n7, ¢; + n7). Then, for node i, defining
n. = min(|6; — ¢;|/m, 1 — |6; — ¢;|/7), the probability that
the agent’s kick is in the wrong direction is

0 ifn < ne
p&i # kili 0) = { (1= %) ifnc<n<1l-n. (13)
1— ﬁ otherwise.

For unsynchronized oscillators, |6; — ¢;| takes on all values
between %, so n. will take on values throughout [0,0.5].
There will be intervals in each period of these oscillators
where the agent may make mistakes. For synchronized oscil-
lators, 7. = | sin~! w;/ok;| /7. On these, neglecting the back
reaction on the network, the agent will continue functioning
until n = 7., at which point there will be errors in its ability
to judge which action to take.

Averaged over all nodes visited by the agent per unit time,
the contribution due to noising from both synchronized and
unsynchronized oscillators further reduces the information
transmission rate from environment to agent. To quantify the
effect of scrambling on the viability, we modify Eq. (10) by
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FIG. 4. The noised efficacy Eq. (14) (top panels) as a function of sensor fidelity (horizontal axis) and coupling strength, K, (vertical axis)
for fully connected graphs (left) and o for Poisson graphs (middle), and scale-free graphs (right). For the fully connected, the horizontal dashed
pink line is the analytical value of K.. In all three panels, the dashed black line traces the maximal efficacy at each value of sensor fidelity. The
noised viability Eq. (15), scaled to the actual viability, is plotted in the lower two rows of panels as a function of unscrambled information.
The middle row assumes coupling strengths are drawn from a uniform distribution, while the bottom row has them drawn from three different
exponential distributions. The pink dashed lines in these are the best fit linear models, with further details in the text.

defining the noised efficacy

Elr|a, B, nl

1 - )
E[r]

& = (14)

where the expectation in the numerator of the second term
is still taken over an ensemble of o8 agents but ones whose
mean field estimators have a degree of noise, 1. Note that
Elr|a, 8,n =0] = E[r|a, B8],s0 & = E£.

We plot the results of introducing noise in Fig. 3, which
shows the change in efficacy (colored solid lines) in the range
0 < n < 1. For both networks, the peak efficacy is reduced by
an order of magnitude for maximal noising; while the overall
shape of the curve is preserved with increased noise, the curve
is increasingly flattened. Note that even at maximal noising,
where the agent has no correlations with the environment, the
efficacy is still nonzero. This is easy to understand in terms of
the agent acting as a heat bath—even though it is no longer
making an informed choice in the way it kicks its local oscil-
lator, the net effect is still to deform the frequency distribution
enough to increase the critical coupling to 0 > o, and thus
delay the onset of synchronization.

As before, the noised efficacy is a function of the coupling
strength o, so the scrambled viability is the expected noised

efficacy over the distribution of possible couplings:

V, = fo do E,(0)p(0). (15)

In principle, there is no restriction on the distribution p (o).
For illustrative purposes, we use the uniform and exponential
distributions.

The efficacy as a function of sensor fidelity (x axis) and
the coupling (y axis) is shown in the top panels of Fig. 4,
with the light blue regions corresponding to those of high
efficacy. The fully connected graph is shown in the left panel,
while the Poisson and scale-free graphs are shown in the
middle and right panels, respectively. The width of the re-
gions correlates with sensor fidelity, tapering as the amount
of scrambled information increases. In the fully connected
case, we see a strikingly different behavior in the low coupling
regime, with the efficacy remaining high up until n = 0.5,
as discussed in the last section. Both Poisson and scale-free
graphs do not exhibit this high efficacy at low coupling, which
we return to later. In all cases, there is only a slight decrease
in peak efficacy (dashed black curves in the top panels) with
decreasing sensor fidelity. The high-efficacy region occurs
for lower coupling strength in the scale-free case, but this
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is to be expected since gScalefree < gPoisson gq - (2 scale-free
<k2 > Poisson .

Integrating over all coupling strengths, the viability (scaled
to the actual viability), is shown in the middle and bottom
panels of Fig. 4. In the middle panels, a uniform distribution of
couplings is used, while in the lower panels three exponential
distributions are used. These differ in their means, chosen as
0.502, o4, and 20 with 0 ~ 0.5. The solid lines represent
simulations, and the dashed lines are linear fits. The figure in-
dicates that the viability curves are not particularly sensitive
to the choice of p(0).

The curves for the fully connected graph are best ap-
proximated by piecewise linear fits indicating a transition in
the viability per bit (VpB) from 1.5 +0.05 at low fidelity
to 0.25 £ 0.02 at high fidelity. At poor sensor performance,
each bit of information is meaningful, significantly increas-
ing system viability. This crossover indicates the presence
of a semantic threshold. Once one crosses the threshold,
the fidelity of the sensor becomes less important. This is
analogous to prior work [45], albeit with a steeper viability
plateau.

In both Poisson and scale-free graphs, we no longer see the
emergence of a semantic threshold, with a smooth linear de-
pendence of the viability curves with sensor fidelity. The best
linear fits to the curves (plotted as pink dashed lines) imply
a constant viability per bit (VpB) in the agent-environment
communication channel. For Poisson graphs, VpB is found
to be 0.886 £ 0.01, while for scale-free graphs 0.841 £ 0.01.
Note that in the absence of noise, the presence of an agent that
can accurately estimate the local mean field has a net effect of
lowering the global synchronization ~20% across the given
range of coupling parameters. This appears to be independent
of the topology, although the decrease in viability with noise
is more pronounced in the scale-free case. This is likely due
to the fact that the agent spends most of its time located in the
hubs (given that the probability to visit a node i in a random
walk, is p; o< k;), and according to Eq. (9) the computational
timescale for hubs is much longer than lower-degree nodes.

The absence of any plateau and a constant VpB in the latter
two graphs is in stark contrast with the results seen in the
fully connected one and in prior models [45]. There, the vi-
ability plateau—marked by a peak in the VpB—differentiated
the region of semantic and syntactic information. Correla-
tions above the threshold were irrelevant to the forager’s
viability. In these cases, however, every bit of syntactic in-
formation is semantic. All correlations the agent has with the
environment are essential to the viability of the combined
agent-environment system. The fact that the threshold appears
in the fully connected case, whereas the qualitative behavior
of the viability is indistinguishable in the two sparser graphs,
suggests that the key parameter in determining the presence
or absence of the threshold is not (k?), but the density of the
graph (k) /N.

IV. DISCUSSION

The goals of this paper have been twofold. First, we
proposed a general road map towards applying SIT the-
ory to dynamical systems. Building on Refs. [39,45], we

articulate the steps required to cast a system into a form
in which one can go beyond syntactic measures of infor-
mation and consider instead how much of that information
contributes to a system’s self-maintenance (i.e., viability).
Broadly, the procedure involves separating the system into
agent-environment subsystems; coarse graining the DoF and
identifying which correlations to follow; identifying an intrin-
sic viability measure; intervening with a scrambling protocol
on the correlations, and measuring the change in viability. In
this way, a system and its dynamics can be analyzed as agent-
environment correlations directly responsible for an agent’s
effectiveness at maintaining itself, the environment, or both,
far from equilibrium. As we have noted, it is the equilibrium
state in question that provides the basis for a semantic in-
terpretation of this information. Thus, determination of such
equilibria becomes an essential step in the applying SIT to a
system. In some cases, such equilibria may be obvious, such
as the death of an agent [45], however, as we have shown
in this paper it is possible that the equilibria of interest, and
hence proper viability functions, may require more effort to
determine.

Our second goal was to operationalize the road map by
exploring a specific model to demonstrate how SIT can bring
insights to previously studied problems. Loosely motivated by
biological models such as the neurodynamics of epilepsy and
other biologically pathological states, we introduced an agent-
based variant of the well-known Kuramoto model. Treating
the original model on an arbitrary network as an environ-
ment, with an exogenously dependent coupling, an agent is
introduced tasked with preventing (delaying) the onset of
synchronization when the environmental coupling exceeds the
critical value. The modified system is a stochastic version of
the original model where the effect of the agent is to function
as a heat bath that deforms the distribution of frequencies
for the oscillators, thus delaying the onset of synchronization.
Articulating the resulting correlational structure for agent and
environment (the oscillators) allows us to cast the model from
a computational (information theoretic) perspective, where
the agent-environment dynamics can be analyzed as a com-
munication channel. Adding noise to this channel enables the
computation of the system’s viability as a function of the
level of scrambling of the channel and the viability per bit.
As in previous explorations of semantic information [45], our
results showed a semantic threshold in fully connected graphs.
Both Poisson and scale-free graphs, however, lacked this fea-
ture. The results indicate that semantic information is affected
by network topology, with the relevant parameter being the
density of the graph as opposed to the degree distribution. For
sparser graphs, every bit of information in the communication
channel between the agent and environment is essential for the
system’s viability, whereas dense graphs display a semantic
threshold.

For an agent to act on information about its environment,
it must be able to measure this information via some kind of
a sensor. The presence or absence of a semantic threshold in a
system is then related to the fidelity of the sensor and how it is
optimized with respect to the environment. The difference be-
tween the forager model and the control-feedback Kuramoto
model may well be due to the fact that the sensor in the
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former case is overoptimized with respect to its environment,
whereas in the latter case it senses only the information it
needs to maintain viability. In biological systems, evolution-
ary adaptations have led to sensors in organisms with varying
amounts of fidelity [78]. For instance, mice, which are noc-
turnal creatures, cannot see particularly well at night, but have
evolved to adopt large ears that give them excellent hearing
[79]. Therefore, explorations of SIT on real biological systems
may or may not display a semantic threshold depending on the
organism, its evolutionary history, and the context in which a
viability function is defined. The connection between sensor
fidelity and semantic information will be the subject of future
explorations.
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APPENDIX A: SIMULATION METHODOLOGY

To acquire the data discussed in this paper, we performed
simulations written in MATLAB and run on the Bluehive
cluster at the University of Rochester. For simulations with
and without agents, the underlying graphs were either fully
connected, Poisson, or scale-free. The latter were constructed
via the configuration model [71], resulting in graphs with
N = 1000 nodes and average degree of (k) ~ 4.

For the Poisson and scale-free environments, we con-
structed 1024 distinct graphs for each of the 256 values of
the coupling, o € [0, 1]. The same was done for the fully
connected environments, except that the coupling was in
the range K € [0, 4]. The environments were initialized with
random phases drawn uniformly, and random natural frequen-
cies drawn from a Gaussian distribution with unit standard
deviation. Using At = 1/16, each environment was run for
1500 time steps to ensure the decay of any transients; data was
then collected for the following 512 time steps and averaged
to give the synchronization of each environment.

With the introduction of the agent, « = 0.5 8 = 0.16, the
number of distinct Poisson and scale-free graphs was reduced
to 32, leaving the other numbers mentioned above the same.
Furthermore, the experiments were now done for an additional
128 values of the scrambling parameter, 7, equally spaced in
the range [0,1].

APPENDIX B: DERIVATION OF CONTINUUM DYNAMICS

The agent moves between nodes on a timescale .
During a time interval At, the agent makes J = Ar/t =
BN At jumps between nodes. Due to the topology of the

Synchronization, r

‘0,

%

%

Absolute Error
0

1 15 2 2.5 3
Coupling Strength, K

FIG. 5. In the top panel, we have a comparison of the order pa-
rameter in the the agent-based model (solid curve) and the stochastic
differential equation Eq. (7) (dashed curve). The bottom panel shows
the absolute error between the two. Note that the y axis is logarithmic
to exaggerate the underestimation of the SDE.

environment, the agent visits nodes with a higher degree more
often than those with a lesser degree. The probability of
visiting a node i is proportional to its degree, p; « k; (with
normalization N (k)). Each visit results in a perturbation of
strength o, so the expected perturbation to that node is Af; =
apiJ = ak;Bk;At/{k). Since visits are rare, the perturbations
are a Poisson arrival process. On timescales much larger than
a single jump, the expected number of visits is high enough
to model the Poisson process as a fixed rate with Gaussian
fluctuations. Taken together, this means that we can think of
the agent’s actions on each oscillator as approximated by a
continuous perturbation of strength

do;

I B

ki
= aﬁ’ﬁm

cont.

modulated by, heuristically, a stochastic fluctuation of size

do;
dt

ki 1
= —_——. B2
stoch. a’B (k) v At ( )

Note the presence of the At above, which motivates our
quantification of this heuristic by the replacement of this term
with a Wiener process. To see how well the continuum model
works, we plot it against the agent-based model in Fig. 5.

APPENDIX C: REVIEW OF FULLY CONNECTED MODEL

In this Appendix, we review the calculation of the critical
coupling in the original fully connected model. There we have
that o = K/N; the coupling needs to scale inversely with the
number of nodes because in a fully connected graph the num-
ber of connections, by definition, scales with N. Our starting
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point is therefore Eq. (4), the mean-field equation of motion.
We work under the simplifying assumption of the long-time,
thermodynamic limit, # — oo, N — 00, so fluctuations in the
synchronization order parameter, r, vanish, allowing us to
treat it as constant. In what follows, we will derive a self-
consistency constraint on the synchronization, from which
everything else will follow.

Consider an oscillator with natural frequency w. If || >
Kr, then 6 never vanishes, and the oscillator is unsyn-
chronized. On the other hand, if |w| < Kr, the oscillator
synchronizes, approaching a phase of 6 — ¢ + sin™' w/Kr.
We use these facts to divide the set of oscillator indices, Z,
into synchronized, Z; = {i : |w;| < Kr}, and unsynchronized,
T, = I\I, subsets. The sum in the definition of the order
parameter becomes

re = Ileelp" = ]leeiG’ +%Zei9i,

i€l ieZ, i€z

The thermodynamic limit assumption allows us to disregard
the first term—the unsynchronized oscillators will be dis-
tributed uniformly across phases, canceling. For the second
term, we use the long-time assumption to set the phases to
their synchronized values noted above, getting

;= l § :eisin’I %
N

ieZ;

Then we insert an integral over frequencies containing the
delta function 6(w — w;). The sum gives a density of states,
which in this case is the frequency distribution and a Jacobian
factor in going from oscillator index to oscillator frequency,
resulting in

Kr 0)2 w
= d V1I——5+ti—].
r /;Kr w g(w) K22 + lKr

Since we work with symmetric frequency distributions, the
imaginary piece of the above vanishes. In what remains, we
perform the substitution @ = Krx to get the self-consistency
constraint:

1 1
— = 2/ dx /1 —x2g(Krx). (CDH
K 0

In the case of a standardized Gaussian, the integral can
be performed, leading to an algebraic self-consistency
constraint,

1 \/?Kzﬂ I K2%r? ] K22 ©
— = —_ 4
L Ee (D) (), @

where the I, are modified Bessel functions. This transcen-
dental equation is plotted on the (K, r) plane, showing the
well-known synchronization phase transition in Flg. 6.

For more general symmetric distributions, proximity to the
critical point is still amenable to analysis. When K > K,
r > 0, and as K — K, from above, r — 0. This observation
motivates an expansion in Kr for the frequency distribution

[e.¢]

1
g(Krx) =3 g O)(Kr)a™, (C3)
n=0 ’

0.8}

0.6 |

0.4}

FIG. 6. Synchronization in the fully connected Kuramoto model
with a Gaussian distribution of natural frequencies. The vertical
dashed-dot line is at the critical coupling, K. = 2./2/m. The dashed
horizontal line is the Rayleigh distribution mean. The light grey
region is data from our simulations, with the mean a solid curve going
through it. The black curve is the analytical solution Eq. (C2). The
dashed blue curve is the second order approximation to that solution.

where the even symmetry of g has been used. Plugging into
the self-consistency constraint results in integrals easily rec-
ognizable as Euler beta functions. Rewriting this in terms of
Euler gamma function identities results in

1 B T S g(Zn)(O)KZnFZn

= . c4
K~ 2 &= 4nl(n+1) €

Setting K = K, so r = 0 gives the critical coupling in terms
of the center of the frequency distribution:

L= Zg0) (©s)
K.~ 2%
If the distribution is monotonically decreasing for w > 0 and
does not have vanishing curvature at @ = 0, then we can go to
second order to extract the behavior near the critical coupling.
Analysis of

) S
K"K 16°% "
U
2 g 80) K—K 6
FEOIES

gives a critical exponent of 1/2.

APPENDIX D: CRITICAL COUPLING WITH AN AGENT

Here we present several methods for estimating the critical
coupling in the presence of an agent. The first of utilizes a
Gaussian approximation for the shape of the effective distri-
bution, whereas the next two use a parameterized ansatz for
the effective distribution.

1. Gaussian approximation

Here we approximate the effective distribution as a Gaus-
sian, showing that the increase in variance when g(0) is
replaced with g*(0) in Eq. (C5) results in a K > K.. As
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described at the end of Sec. Il A 4, the frequency distribution
is first cut at w = 0, and the positive (negative) half shifted by
positive (negative)af. When this is done for a standardized
Gaussian, a quick calculation finds the mean unchanged, and
the variance now 1 + 24/2/ma B + a2, Next, the convolu-
tion with a heat kernel of variance o8 results in the variance
of the effective distribution:

(WHha=1+ (1 +2\/7>aﬂ + a?p? (D1)

> 1.

We next assume the effective distribution is also a Gaus-
sian, with the above variance. The peak of the effective
distribution related to the original is

0
£'(0) = g(>1)/2 (D2)

The critical coupling is consequently shifted according to

K. — K* = (o) /K.. (D3)

In our simulations, o8 = 0.08, this corresponds to Kf 5
1.75829. This, however, is an underestimate of the true critical
coupling.

2. Parameterized effective distribution

For an improved estimate, we next calculate the crit-
ical coupling from the parameterized effective distribu-
tion rather than approximating it as a Gaussian. The
initial cut in the distribution and shift of frequencies
results in

O(—ap — w)g(w +apf)

+ O(w —ap)glw —apf),  (D4)
where © is the Heaviside step function. It is easily seen that
the first term is the negative part of the distribution shifted to

the left, and the second is the positive part shifted to the right.
Convolving with the heat kernel, 4, results in

¢ (w)

g) — gw) =

I 2
= W / d(!)/ g(a) — a/)eiﬁ (DS)

_;[[ d <_1( ' —(w+ 13))2_16')_/2)
= 2nab eraﬁcoexp @ —(ota 2ap

w—aof 2
+f do' exp (——(a) —(w— aﬂ))z—lw—):|

_ 1 (+ap)? |: (1)+0l,3 :|

2 14ap erfC R —
V2B +ap)

—w—mﬂ]) D7)

V2aB(1 +ap)

where erfc(x) is the complementary error function. This sug-
gests a bimodal form for g* (w) constructed of two overlapping

1
- 227 /1 +ap <e

1 (w—ap)?
+e 2 T erfc

0.5 10°

0.6 -

0.2}

K

FIG. 7. In the top left panel, we have the original Gaussian fre-
quency distribution, g(w), plotted with a dashed line. The thick black
curve is the effective distribution, g*(w), while the thin blue lines
are representative of smaller and higher a8. The top right panel is
the behavior of the critical coupling as a function of «g; the full
nonlinear form is shown in black and the linearized form in pink.
The dashed line is the corresponding estimate for K. The bottom
panel shows the full analysis of the consistency constraint. Details
are in the text.

Gaussian distributions; the smaller ¢ 8 is, the greater the over-
lap, giving the appearance of a Gaussian with a dimple at its
center. Several of these effective distributions are plotted in
the upper left panel of Fig. 7. The solid black curve represents
simulation data («¢f = 0.08) and the thin blue curves are
shown for a range o8 above and below 0.08. For comparison,
the original Gaussian distribution, g(w), is plotted as a dashed
line.

Plugging in w = 0 into the effective distribution and then
inserting the result into Eq. (C5) shows how « 8 parameterizes
the change in the critical coupling:

)

(@B
TaB

1
2
K'=/1+ap——— K, (D8)

erfe[ 2(11@;9)]

2 T +4
|1+, zaBf+
b4 2
In the second line, we have expanded for o8 < 1; we see that
the critical coupling is a Taylor series in +/a . Furthermore,

computing the second derivative of the effective potential
gives a critical exponent of 1/2 for the behavior of the new

aﬁ+-~->KC. (D9)
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critical coupling; in the Gaussian approximation, this critical
exponent is 1. This behavior of K /K, is plotted in the upper
right panel of Fig. 7. The solid black is the full nonlinear
behavior, while the straight pink line is the linearized behavior
(quadratic in /o 8). The dashed line is at «8 = 0.08, giving
us a second estimate for the critical coupling, K4 ~ 2.11751.

This estimate turns out to be a bit high. Getting an even
better estimate of the critical point is difficult analytically,
as the consistency constraint, to the best of our knowledge,
cannot be integrated by hand. Numerical integration, on the
other hand, can be quickly implemented to find r = r(K),
which is plotted in the bottom panel of Fig. 7 with the solid
black curve. The order parameter is multivalued in the range
K € [1.9887,2.118], where the right boundary coincides with
the previous estimate. Plotting this alongside the simulation
data (the grey region) shows us the estimate is high and that
the left end of the range is a better estimate of the critical

coupling. Both of these are plotted as the vertical dashed lines
in the panel. The dashed pink curve is the expected value of
the synchronization, which matches very well with numerical
simulations. In the thermodynamic limit, the synchronization
curve has a discontinuity at K4 ~ 1.9887 and drops to 0 at
smaller values of the coupling.

The plot of the consistency constraint of the effective dis-
tribution in Fig. 7 matches the major features of the data. This
gives us reasonable confidence that the above analysis using
the method of an effective distribution is a valid way of de-
scribing the agent-environment system. That said, the match
is not perfect, as one can see from the slight underestimation
of the data in the figure. Since the ensemble size is large,
N = 1024, we do not think that this is due to not being at the
thermodynamic limit, allowing us to conjecture that there is
yet some refinement to this method, which we leave for future
work.
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